We introduce the concept of N -differential graded algebras (N-dga), and study the moduli space of deformation of the differential of an N-dga. We prove that it is controlled by what we call the N-Maurer-Cartan equation.
Introduction
The main goal of this paper is to introduce the notions of N-differential graded algebras and N-differential graded modules for an integer N ≥ 2. We define a Nil-differential graded algebra to be a N-dga for some N. The main results of Section 1 are Theorem 6 and Theorem 9, Theorem 6 tell us that if (A • , m, d) is a N-dga, then the total object in cohomology H
• (A) has a natural structure of a (N − 1)-dga, thus generalizing the usual fact that if (A • , m, d) is a dga then H • (A) is a graded algebra. Theorem 9 is of fundamental importance since it endows the category of Nil-differential graded algebras with a symetric monoidal structure. We remark that such a monoidal structure cannot be constructed in a natural way for a fixed N, not even using the q-deformed Leibniz rule (see [Sit] ).
Our main interest is to consider the moduli space of deformations of the differential of a N-dga. In Section 2 we consider deformations of a 2-dga into a N-dga. Deforming 2-dgas one is able to construct in a easy way a plethora of examples of N-dgas. Roughly speaking Theorem 17 tell us that a derivation d A + e is a N-differential if In Section 3 we introduce a general formalism that may be consider as a discrete version of quantum mechanics. We introduce such models since they turn out, in a totally unexpected way, to be relevant in the problem of deforming a M-differential into a N-differential with N ≥ N.Section 4 contains our main result namely Theorem 21 provide an explicit identity called the (M, N)-Maurer-Cartan equation, which controls deformations of an M-complex into N-complex. Remarkably, we show that the (M, N)-Maurer-Cartan equation is in turn determine by a family of integer number c(s, N) which appear an transition number of a discrete quantum mechanical system.
where the coefficients are expressed by:
Just as the familiar Maurer-Cartan equation determines the critical points of the Chern-Simmons functional action cs, we show in Section 5 that the (2, N)-Maurer-Cartan equation determines the critical points of a generalized Chern-Simmons functional action cs N . 1 N -differential graded algebras and modules Throughout this paper we will denote by A
• the Z-graded objects ⊕ i∈Z A i ,ā denotes the degree of the element a ∈ A k , in this caseā = k. Recall that for a graded vector space A
• , A • [k] denotes the graded vector space such that the i-th component is given
Composition of graded applications f and g will be denoted by f g. 
Clearly an N-complex is a P-complex for all P ≥ N. An N-complex (A
The following result is easy to check
be a morphism, then: 
Notice that a 2-complex A • is just a complex in the usual sense and in this case p is necessarily equal to 1 and 1 H i (A) agrees with H i (A) for all i ∈ Z. The "total object" H m (A), the cohomology associated of an N-complex is set to be
From now on we shall work with the abelian category of k-modules over a commutative ring k with unit.
, k-modules homomorphisms satisfying the following properties: 
d satisfy the graded Leibniz rule
A 1-dga is a graded associative algebra; a 2-dga is a differential graded algebra. If we consider instead of 3. in Definition 5 the q-Leibniz rule
, where q N = 1, then we obtain the notion of a q-differential graded algebra considered by [D-V] .
it is easy check that this application is a (N − 1)-differential on H • (A) which satisfies the Leibniz rule. A pair of morphisms f, g :
• of N-dga are homotopic, if they are homotopic as N-complex morphisms, i.e., if there exist h :
We remark that if two morphisms f, g :
• of Nil-dga are homotopic, then they induce the same maps in cohomology.
We have the following fundamental result
Proof: Associativity of m A⊗B follows from the associativity of m A and m B . The Leibniz rule for d A⊗B is also a consequence of the Leibniz rule for d A and d B . From the definition of d A⊗B we obtain the identity
which can be proved by induction and holds for all n ≥ 1. 
, k-modules homomorphisms satisfying the following properties:
, where m M ⊗N and d M ⊗N are defined as before.
where
Clearly there are operators
. Proposition 13 below provide the natural algebraic structure on End(M).
Proof: Associativity of • E follows from the associativity morphisms composition. The Leibniz rule for d End is a consequence of the Leibniz rule for d M . From the definition of d End we obtain the identity
which can be proved by induction and holds for all n ≥ 1. Let
Deformation theory of 2-dgas into N-dgas
We shall often write A
• in place of (A • , m A , d A ). Let k a commutative ring with unit. We consider the category Artin of finite dimensional local k-algebras. If R ∈ Ob(Artin) with maximal ideal R + then k ∼ = R/R + (R = k [[t] ] and R + = tk [[t] ] are examples to keep in mind). Since k ∼ = R/R + then R ∼ = k ⊕ R + as vector spaces.
The core of Definition 14 is to require that d Assume that A
• R = A • ⊗ R as graded algebras. We have the following decomposition 
Proposition 16 is an instance of our 
Proof: We show (1) by induction on N. For N = 1 or N = 2 the result is obvious. Suppose our result holds for N = K. We consider two cases:
So the equality holds for all K ∈ N.
Example 18. Let M be a 3-dimensional smooth manifold. The space (Ω • (M), d) of differential forms on M is a differential graded algebra, where d is the de Rham differential. Let A be any differential 1-form and consider the derivation [A, ] induced by
A defined by [A, ](ω) = ω ∧ A + (−1)ω +1 A ∧ ω. (Ω • (M), d + [A,
]) is a 4-dga for any A according to Theorem 17. Moreover (Ω • (M), d + [A, ]) is a 3-dga if and only if
(d End ([A, ]) + [A, ] 2 )(d + [A, ]) = 0, But (d End ([A, ]) + [A, ] 2 )(d + [A,
]) is a 3-form, thus the identity holds for any
k-form ω, k ≥ 1. Thus (Ω • (M), d + A
) is a 3-dga if and only if for any 0-form ω we have
A 3 ∧ ω + A 2 ∧ d(ω) + d(A) ∧ d(ω) + d(A) ∧ A ∧ ω = 0.
Example 19. Generalize the Example 18 it is easy to deduce from Theorem 17 that if
M is a n-dimensional smooth manifold and n < m, then (Ω
Example 20. Let M be a 2n-dimensional smooth manifold. Using local coordinates the
where P (2n) is the set of ordered pairings of
a i < b i

Thus by Theorem 17 (Ω • (M), d + [A, ]) is a 2n complex if and only if the 2-form
F ij = ∂ i A j − ∂ j A i is such that α∈P (2n) sign(α) n i=1 F a i ,b i = 0.
Discrete quantum theory
Generally speaking the following data constitute the basic set up for a quantum mechanical system 1. A finite dimensional Riemannian manifold M which is thought as the configuration space of the quantum system.
A Lagrangian function L : T M → R. L assigns weights to elements of phase space.
Associated to this data is the Hilbert space H of quantum states which is usually taken to be L 2 (M).
The dynamics of the quantum system is determine by the operator U t : H → H (t ∈ R ≥0 represents time). The kernel ω t of U t is such that
The key insight of Feynman is that ω t (y, x) possess an integral representation
The integral above runs over all path γ : [0, t] → M such that γ(0) = x and γ(t) = y. Making rigorous sense of this integral is the main obstacle to make quantum mechanics fully rigorous.
Following the pattern above one may define a discrete quantum mechanical system as being given by the following data 1. A directed graph Γ (finite or infinite) which plays the role of configuration space.
Recall that a directed graph Γ is determine by two sets V Γ (the set of vertices), E Γ (the set of edges) and a map (s, t) :
2. A map L : E Γ → R called the Lagrangian map of the system. The associated Hilbert space is H = C V Γ . The operator U n : H → H (n ∈ N represents the discretized time controlling the dynamics) is given by
where the discretezed kernel ω n (y, x) admits the following representation
iL(e) .
P (Γ, x, y) denotes the set of path in Γ from x to y, i.e., a sequence e 1 · · · e n of edges in Γ such that s(e 1 ) = x, t(e i ) = s(e i+1 ), i = 1..n − 1 and t(e n ) = y.
In the next section we show that the generalized Maurer-Cartan equation controlling deformations of N-dgas is given by the kernel of a discrete quantum mechanical system which we proceed to introduce. Let first us explain our notations and conventions which generalize those of [DiPa] .
For s = (s 1 , ..., s n ) ∈ N n we set l(s) = n, the length of the vector s, and |s| = i s i . For 1 ≤ i < n, s >i denotes the vector given by s >i = (s i+1 , ..., s n ), for 1 < i ≤ n, s <i stands for s <i = (s 1 , ..., s i−1 ), we also set s >n = s <1 = ∅.
We define applications δ i , η i : N n → {0, 1}, for 1 ≤ i ≤ n, as follows:
For an M-dga A
• and e ∈ Der(A • ⊗ R + ), we define e (s) = e (s 1 ) ...e (sn) , where e (a) = d a End (e) if a ≥ 1, e (0) = e and e ∅ = 1. We define the set
The set P ((∅, 0), (s, N)) consist of all the curves γ s :
where p(γ s (i), γ s (i + 1)) is given by: 
where c(∅, 1) = c(0, 1) = 1.
Proof: The result follows from the equality
We use induction on N for prove this equality. For N = 1
We conclude that c(∅, 1) = c(0, 1) = 1.
Suppose our formula holds for N and let us check it for N + 1
Consider the second term of the right hand side of (2) s∈E N c(s, N)ee
in (3) we put t = (0, s) thus |t| = |s| and l(t) = l(s) + 1 and (4) is obtained by rewriting and changing t by s.
Now consider the first term of the right hand side of (2)
Putting t = s + e i in the first term of (5) we obtain (6) and rewriting and changing t by s we obtain (7). Finally collecting similar terms in (4) and (7), and using the recurrence formula we get
thus the proof is completed.
Proposition 23. The coefficients c(s, N) = γs p(γ s ) satisfy the recurrence formula
It is easy to see that e b is a derivation of degree 1 on
Equation (8) 3. is cyclic, this is a 1 .a 2 ...a n = (−1)ā 1 (n−1) a 2 ...a n .a 1 .
With the conditions above we define the Chern-Simons fuctional by: for N odd where t : A • → N is the linear application defined by the conditions t(α) = t(dα) = k if α ∈ A k and for a, b ∈ A • we have t(a.b) = t(a) + t(b).
